A major outstanding problem for many quantum clock synchronization protocols is the hidden assumption of the availability of synchronized clocks within the protocol. In general, quantum operations between two parties do not have consistent phase definitions of quantum states, which introduce an unknown systematic phase error. We show that despite prior arguments to the contrary, it is possible to remove this unknown phase via entanglement purification. This closes the loophole for entanglement based quantum clock synchronization protocols, which are most compatible with current photon based long-distance entanglement distribution schemes. Starting with noisy Bell pairs, we show that the scheme produces a singlet state for any combination of (i) differing basis conventions for Alice and Bob; (ii) an overall time offset in the execution of the purification algorithm; and (iii) the presence of a noisy channel. Error estimates reveal that better performance than existing classical Einstein synchronization protocols should be achievable using current technology.
Access to a universally agreed global standard time is of great importance to many technologies such as data transfer networks, financial trading, airport traffic control, rail transportation networks, telecommunication networks, the global positioning system (GPS) and long baseline interferometry [1] . To achieve this, clock synchronization is a fundamental task such that a network of clocks can be established, from which one can locally interrogate to obtain a common reference time. Classically, when special relativity is taken into account, there are two basic methods to synchronize clocks: Einstein synchronization [2] and Eddington's slow clock transport [3] . In view of the superb stabilities that the next generation of atomic clocks are achieving [4] , the question of how best to synchronize clocks with high precision is one that must be addressed. To address this demand, methods based on both ideas have been proposed for the accurate synchronization of clocks: time transfer laser links for the Einstein protocol [5] [6] [7] [8] , and quantum adaptations of Eddington's protocol [9] [10] [11] [12] . A third method of clock synchronization, based on quantum entanglement, was proposed by Jozsa and co-workers which is independent of the relative locations or properties of the intervening medium [13] . It uses shared prior entanglement between two clocks located at different spatial locations for synchronization. The original two party synchronization protocol [13] [14] [15] [16] has been extended to multi-parties [17] [18] [19] [20] . Several experimental verifications of the protocol have been reported [8, 10, 21, 22] .
One major outstanding issue with many quantum clock synchronization (QCS) protocols is that they implicitly assume a common time reference [11, 14, 23] . The origin of this problem is that without the availability of synchronized clocks between Alice and Bob, definitions of superposition states of qubits such as (|0 + |1 )/ √ 2 are defined only up to a phase convention that is defined locally. Worse still, any quantum algorithm that Alice and Bob execute may require careful synchronization in order to not introduce additional phases due to precession of the qubits. This problem affects both quantum versions of Eddington and entanglement based schemes [11, 14, 23] . Proposals to overcome this issue have been pro-posed for Eddington schemes have been introduced, which require a two-way exchange of clock qubits [11] . This however involves sending clock qubit atoms (e.g. Cs, Rb, Sr) between the two parties, which is highly challenging for long-distance intercontinental or space-based communications. In view of photonic long-distance space-based entanglement distribution now being demonstrated [24, 25] , a protocol compatible with this technology is most desirable. For example, long-distance entanglement could be first generated using photons, then stored on qubits where the clocks are present, then the QCS protocol of Ref. [13] can be executed. We henceforth refer to the scheme of Ref. [13] when discussing "QCS".
We show in this paper, contrary to previous arguments [23] , that it is possible to produce an entangled state with controlled phase without Alice and Bob having any knowledge of each other's clocks. The main observation is that the full distillation protocol as originally given by Bennett and co-workers [26, 27] including random bilateral rotations ensures that the singlet state is produced, with respect to the local basis choice. Once this is prepared, it is possible to execute the original QCS protocol of Ref. [13] , despite the presence of additional phases, differing basis conventions, and noise. We assume that Alice and Bob do have clocks ticking at the correct frequency, such that they can keep track of the precession for the duration of the algorithm, but the clocks have in general a relative time offset (the clocks are syntonized but not synchronized) [28] . The combination of the entanglement purification and the QCS allows for a completely asynchronous synchronization protocol for clocks, completing the scheme of Ref. [13] .
Suppose the singlet state 
, where σ ∈ {0, 1}. If the bases are transformed consistently using the same convention globally, then the state (1) is invariant, for example
where we chose the irrelevant global phase θ
= 0 for simplicity. However, as pointed out by Ref. [23] , without the availability of synchronized clocks, it is not possible for Alice and Bob to know about their mutual basis conventions. Thus the appropriate basis to view the state is in Alice and Bob's respective local bases
We emphasize that |ψ
are all in fact the same state, but they appear different due to different conventions. The effect of Alice and Bob choosing different basis conventions is equivalent to having an unknown relative phase in the singlet [11, 23] . We may define the relative difference between the basis choices of Alice and Bob by defining a rotation operator
which in this case is
σ )|σ σ| . Operators then transform as
and similarly for Bob's operators. In addition to the different basis conventions, when Alice and Bob perform their entanglement purification circuit, they will not know precisely when the other starts their first quantum operation. Due to the precession of the qubits, there will be an additional phase offset in the singlet state, which without loss of generality we can attribute to Alice's side. Hence the arriving singlet will have a form in the local basis (up to a global phase)
where the time delay operator is
− ωδt, and δt is the time difference between Alice and Bob's first quantum operation.
Furthermore, in addition to the systematic error introduced by the different basis conventions and time offset, there may be a stochastic error which reduces the purity of the state. We model this process using the noisy channel with both bit and phase flips, which for our state will appear as
where p is the probability that error will be introduced on sending the qubit through a noisy channel to Alice and Bob, and I is the 4 × 4 identity matrix. We assume that N imperfect Bell pairs (7) are shared between Alice and Bob, and ϕ is unknown to both of them. The task is then to achieve clock synchronization by first purifying the above state to a sufficiently high fidelity, then executing the QCS protocol without knowledge of any shared timing information. We first argue, using quantum circuit methods, that it is possible to perform entanglement purification such that a singlet state is obtained in the local basis. In the originally conceived form of entanglement purification [26, 27] , the bilateral random unitary rotations and the Bell state comparison are performed synchronously, and also using the same basis convention throughout. In the context of QCS this cannot be performed, and instead the modified quantum circuit as shown in Fig. 2(a) will be executed. The noisy Bell states arriving will have a phase offset T which takes into account of any time delay between Alice and Bob's first operations. Alice and Bob will furthermore execute the algorithm in their local basis conventions. We now deduce the effect of this circuit. We can rewrite the circuit in a form closer to the original, by applying the basis rotation (4) around all the operators, and adding T † T = I, which gives Fig. 2(b) . After the first five operations of Alice in Fig. 2(b) , and working in the common basis of Bob, Alice's random unitaries are transformed as
A U (BA) T . This is the same as the standard bilateral rotations except that Alice's operations are transformed to a different basis. The state that results at this point of the circuit is the Werner state
where |ψ at the end of the circuit which completes the whole procedure. The state that the purification thus converges to is thus
Thus starting from the state with an extra phase (7), the entanglement purification has converged to the singlet state with respect to the local basis choice with no relative phase ϕ = 0. The state (9) is exactly as desired, since any measurements that will be made on this state will be in the local basis choice. Alice and Bob would then measure this state in their local basis choice, which does not contain any extra phases as discussed in Ref. [23] . The QCS protocol then proceeds as described in Ref. [13] . This result can be also calculated by direct application of the bilateral rotations as shown in the Appendix. Starting from the state ρ = pI/4
, we explicitly calculate that the bilateral rotations produce the state
The fidelity calculated using (A4) agrees with that calculated from (7) which gives
since singlet states are invariant under bilateral rotations.The fidelity F contains an extra phase factor originating from the combination of the time delay and the different basis conventions. Since (A4) is in the local basis as desired, the remaining part of the purification proceeds in the regular way.
The above result removes an outstanding issue of the QCS protocol. What can we expect from a future implementation of QCS? To answer this we estimate the competitiveness of the QCS protocol in comparison to existing schemes. Currently the most accurate long-distance clock synchronization protocols are microwave-based GPS and Twoway Satellite Time and Frequency Transfer (TW-STFT) [29, 30] , which achieve synchronizations at the level of 1 ns. The next generation laser based methods aim to improve this to the level of 100 ps [5, 6] . The fundamental sources of error in the QCS protocol will be due to the imperfect entanglement that is distributed between Alice and Bob, and the quantum noise due to the standard quantum limit in the QCS protocol itself (see Appendix). We estimate that the error in the QCS obeys a relation
where ω is the clock frequency, N is the number of available Bell pairs for QCS, n is the number of rounds of purification performed, and F n is the fidelity of the Bell pairs after n rounds of purification. In Fig. 3(a) we see that there is an optimum number of purification rounds. This occurs because there is a trade-off between improving the fidelity of the Bell pairs by purification, and consuming Bell pairs for purification. Using this optimum number of purification rounds, we obtain the level of accuracy expected in the QCS algorithm in Fig. 3(b) . As expected one obtains an improvement in performance with both N and F 0 . Taking currently achievable estimates for parameters we have F 0 ≈ 0.9 and N = 10 5 [24, 25] , and using the Cs clock transition frequency the timescale is set by ω −1 Cs = 17 ps, from which we obtain δt ≈ 2 ps, a considerable improvement over classical schemes. Naturally, using larger numbers of Bell states and atoms with higher frequency clock transitions (e.g. Sr) one will obtain further improvements.
In summary, we have shown that using entanglement distillation it is possible for Alice and Bob to share a singlet state in their local basis, despite not having any information about their mutual basis conventions, and including any time offset between execution of their quantum gates. The key ingredient is the incorporation of bilateral random unitaries in the entanglement purification protocol, which was not included in Ref. [13, 23] . This produces a Werner state in the local basis, and "fixes" the basis to a particular choice. This solves a major existing issue in the QCS protocol, where it was previously thought that synchronized clocks are required to perform the purification. We have estimated the error of the protocol and found that it should have a performance that is considerably better than existing classical Einstein synchronization based schemes. Here we only examined the same basic protocol as given in Ref. [13] , which has errors scaling as the standard quantum limit ∝ 1/ √ N . Using collective states of the N Bell pairs should further improve the errors further to beat the standard quantum limit. We envision that the QCS would be particularly useful in the context of the space-based quantum network [24, 25, 31] , where satellites are each in possession of an high-precision clock. Such entanglement based schemes are a powerful way to synchronize clocks without the use of a classical channel containing the timing information, which is susceptible to fluctuations in the atmosphere.
The In this section we explicitly calculate the result of the purification circuit in Fig. 2(a) , where there is an additional phase T due to the delay time and there is difference in basis choice of Alice and Bob. As given by (7) , this effectively puts a phase offset in the singlet state in the local basis. The effect of random bilateral rotations [26] is to put any state in the form of a Werner state as defined by the local Bell basis. As discussed in Ref. [26] , instead of applying an infinite set of random bilateral unitaries, it is equivalent to consider a finite set generated by
with M ∈ {X, Y, Z, I}. The first term in (7) in proportional to the identity, which is invariant under bilateral operations. Since the identity is diagonal under any basis choice, we can choose equally the local basis
For the second term in (7), we obtain by explicit computation
where the sum is over the full group
and is averaged over the number of group elements used in the rotation. We compute the Werner state to be
as given in the main text. The fidelity calculated using (A4) agrees with that directly calculated from (7) which gives
since singlet states are invariant under bilateral rotations. This shows again that after the bilateral rotations, the state is correctly prepared in the local basis. Starting from a state (7) which had offdiagonal terms written in the local basis, the bilateral rotations have produced a state (A4) that is diagonal. With this preparation step, the remaining parts of the circuit in Fig. 2(a) can proceed in the normal way, since they are in the correct basis. We also see that the fidelity (A5) contains an extra phase factor originating from the combination of the time delay and the different basis conventions. This is natural since the phase ϕ will produce a state that is different from a singlet state, which will result in a loss of fidelity. Since the purification protocol only works unless F > 0.5, in practice this will mean that the phase will need to be controlled to some extent. This can be achieved by having reasonably (but not exactly) synchronized clocks, so that the protocol can be executed accurately such that |ϕ| < π/2. For example, if QCS is performed periodically to counteract drift of the clocks, then by performing the protocol sufficiently frequently, the time offset can be bounded to within |ϕ| < π/2. which scales as the standard quantum limit. The phase error ε contributes also to an error in the time estimate (B6). This can be related to the fidelity by computing the overlap of (B1) with an ideal singlet state, which gives
The time error due to imperfect Bell pairs thus affects the QCS protocol according to
The total error on the QCS protocol is then δt = δ 2 t SQL + δ 2 t F = 1 ω
After n rounds of purification, the M Bell pairs are reduced to N = M/2 n , and the fidelity is increased to [26] 
which gives the result in the main text.
